Abstract This paper presents a theoretical development and critical analysis of the burst frequency equations for capillary valves on a microfluidic compact disc (CD) platform. This analysis includes background on passive capillary valves and the governing models/equations that have been developed to date. The implicit assumptions and limitations of these models are discussed. The fluid meniscus dynamics before bursting is broken up into a multi-stage model and a more accurate version of the burst frequency equation for the capillary valves is proposed. The modified equations are used to evaluate the effects of various CD design parameters such as the hydraulic diameter, the height to width aspect ratio, and the opening wedge angle of the channel on the burst pressure.
Introduction
In recent years, there has been an increasing interest in the area of microfluidics for biochemical/biomedical applications. One particular area of microfluidics research is the development of microfluidic compact disc (CD) platforms that operate on the basis of centrifugal pumping. A microfluidic CD allows for the miniaturization of large and expensive equipment, reduction in reagent usage, faster heating and cooling, efficient chromatographic and electrophoretic separations, and low-cost fabrication [23, 32] .
On a microfluidic CD, a wide range of processes such as valving, decanting, calibration, mixing, metering, heating, sample/volume splitting, separation, siphoning, flow rate control, droplet generation, etc. are possible [9, 23, 32] . Based on this wide variety and availability of processes, implementation of complex assays such as the enzyme-linkedimmunosorbent assay (ELISA) is possible on CDs. Some examples are the detection of rat IgG from a hybridoma cell culture by Lai et al. [17] , the detection of Dengue nonstructural protein 1 (NS-1) by Yusoff et al. [29] , the implementation of a 5-step ELISA through a simple 2-layer design by Ibrahim et al. [15] , the detection of a cytokine interferongamma by He et al. [14] , plasma separation and detection of Hepatitis B virus by Lee et al. [18] , and allergen screening by Chen et al. [5] . Recent developments have also introduced various enhancements to the basic CD valve design such as suction-enhanced siphon valve by Gorkin et al. [13] , Electronic supplementary material The online version of this article (doi:10.1007/s11517-012-1020-7) contains supplementary material, which is available to authorized users. semi-circular valve by Lin et al. [21] , ice valve by Amasia et al. [2] , thermally actuated elastomer valve by Pitchaimani et al. [27] , wax valves by Lee et al. [18] and Abi-Samra et al. [1] , and dissolvable film valve by Gorkin et al. [12] .
Madou et al. [23] and Zoval et al. [32] introduced several multi-step processes such as those involved in carrying out an ELISA on a CD through flow sequencing using ''passive'' valves. ''Passive'' valving is based on balancing of the capillary force (due to fluid interfacial tension) and the centrifugal force. When the centrifugal force exceeds the capillary force, liquid starts moving and is released, for example, from one reservoir to the next. Proper placement of reservoirs on a microfluidic CD, coupled with proper design of connecting channels, allows for controlled flow sequencing. The rotational frequency at which the centrifugal force overcomes the capillary force to ''open'' a valve and release a fluid is generally called the burst frequency. Precise control of the burst frequencies on a CD allows for a synchronized fluid release in complex assays. It should be noted that passive valving has some drawbacks. For example, these valves are not vapor-tight and thus have limited use where long-term reagent storage or heating (e.g., for polymerase chain reaction) is required [28] .
Passive valves can be either hydrophobic or hydrophilic. A hydrophobic valve typically consists of a channel made of hydrophobic material or the application of hydrophobic material to a specific zone in a hydrophilic channel [23, 32] . An alternative method is to introduce air gaps within a channel to increase the hydrophobicity of that zone. Fishbone valves are structural gaps that serve such purpose [22, 25, 26] . A hydrophilic valve consists of a hydrophilic capillary that has a sudden expansion, for example, when a narrow channel opens into a wider reservoir. Figure 1 illustrates various designs of basic passive valves which are commonly used in various complex assays [5, 14, 15, 17, 18, 29] .
Several mathematical models for describing passive valves are summarized in Table 1 . While the 1D model describes capillary pressure in both, hydrophobic and hydrophilic valves, more complex 2D and 3D models address hydrophilic valves only [4, 16, 24] . Numerous variations of these 1D, 2D, and 3D models include modified 1D equations that consider the capillary pressure difference at the inlet and outlet of a channel [30, 32] , modified 1D equations that take into account the heterogeneity of the channel surfaces [3, 8, 20, 22] , and models that include the channel opening wedge angle b in the 1D equation [7, 11] .
The present analysis will concentrate on the analysis of the models of hydrophilic passive valves. The meniscus propagation in hydrophilic (capillary) valve can be separated into four distinct phases: capillary flow is stopped at the channel opening (1), the fluid movement is resumed under the increased force (2), the concave meniscus becomes convex (3), and then it expands and finally bursts (4).
Methods

Burst frequency fundamentals
The underlying and common principle in all of the aforementioned models is the balancing between the centrifugal pressure and capillary pressure. The centrifugal pressure is due to the rotation of the CD and is given as
where q is the density of the liquid, x is the rotational speed of the CD in radians per second (rads -1 ), Dr is the difference between the top and bottom of the liquid levels at rest with respect to the center of the CD, and r is the average distance of the liquid from the centre of the CD (Fig. 1) .
For the liquid meniscus to move in hydrophilic channel towards the center of the disc, the capillary pressure in the channel/valve must overcome the centrifugal pressure. This point of pressure equilibrium (termed the burst pressure in this study) depends on the geometry of the channel (including opening of the channel into a wider reservoir).
For any solid-liquid-air system, the capillary pressure can be derived from the change of total interfacial energy of the solid-liquid-air system, U T, with respect to the injected liquid volume, V:
The total interfacial energy of the system can be expressed as [31] 
where A sl ; A sa ; A la are the solid-liquid, solid-air, and liquid-air interface areas, and c sl ; c sa ; c la are the corresponding surface energies per unit area. The above equation can be simplified by applying Young's equation:
where U 0 is a constant term given by A sl þ A sa ð Þ c sa , and is a constant energy component due to the sum of the solidliquid and solid-air interfaces [4] , and h c is the contact angle of the liquid with the solid channel wall. h c is greater than 908 for a hydrophobic material, and less than 908 for a hydrophilic material.
The capillary pressure can then be expressed as
Since dU 0 =dV ¼ 0 (U 0 is a constant); and dA la =dV ¼ 0 (A la, the surface boundary between liquid and the air in a capillary channel, does not change as long as the liquid is still traveling within the channel) [4, 6] , Eq. (5) simplifies to
To calculate the burst angular velocity of a capillary valve on a microfluidic CD, the centrifugal pressure (Eq. 1) must be equated to the capillary pressure defined by Eq. 6. Thus burst angular velocity (in terms of rotations per minute ''rpm'') can be expressed as
2.2 The capillary pressure within a capillary channel
In order to determine the capillary pressure within a capillary channel, we need to evaluate dA sl /dV for that specific channel. For a circular capillary with diameter D, the surface boundary between the solid and liquid, and the volume of the liquid are given as
where x is the length of liquid progression in the channel with respect to an arbitrary reference point. Similarly for a rectangular capillary of width w, and height h, the surface boundary and the volume of the liquid are given as
The value of dA sl /dV can then be expressed as D is the diameter of a circular channel, D is substituted with the hydraulic diameter, D h for a channel of any other shape, h c is the contact angle of liquid on solid (channel surface), c la is the liquid surface energy in contact with air, h n is the height of the channel, w and h are the width and height of the channel, b is the opening angle of the channel expansion where D h is the hydraulic diameter and is equal to D for a circular capillary. For a rectangular channel
Applying Eq. (6) gives us the general expression for the capillary pressure as
Alternatively, for a rectangular capillary, applying Eq. (13) gives
Equations (14) and (15) describe the pressure needed to move a liquid column in a channel from its resting position towards the outer edge of a CD. The angular velocity to initiate capillary flow is given by Eq. (7) above.
2.3
The burst pressure at the boundary of a hydrophilic channel opening into a reservoir
Various stages of the fluid dynamics prior to bursting from a channel into a reservoir are analyzed in this paper following Chen et al.'s [4] model for hydrophilic valves (Fig. 2) . The channel has an opening wedge angle b, a cross section of height h and width w, and the fluid moves from an arbitrary reference point to a length L (Fig. 2) . The fluid meniscus is characterized by assuming partial circular arcs with angles 2a h and 2a w . The angles a h and a w are secondary variables that facilitate the derivation of the burst pressure at the channel opening. These parameters are derived from primary parameters such as the contact angle h c and/or opening wedge angle b (Fig. 3 ).
Stage 1
In Stage 1 the fluid approaches the boundary of the hydrophilic channel opening with a concave meniscus. The total interfacial energy of the system U T , and the volume of the liquid V, for this stage can be expressed as The liquid travels within a capillary channel.
Stage 1:
The liquid is in a capillary channel, stopped at an opening with a concave meniscus (the meniscus changes from concave to flat)
Stage 2:
The liquid is in the capillary channel, stopped at the opening. The meniscus becomes convex from the flat transitory stage and starts to expand beyond the opening with the convex profile
Stage 3:
The liquid has expanded beyond the border of the opening (opening with an angle β ), with a convex meniscus 
Chen et al. [4] proposed that the burst pressure can be approximated by simplifying the meniscus dynamics, and assuming that the meniscus curvature in the height dimension is zero (i.e. assuming a 2D meniscus where the meniscus curvature in the height direction is ignored). This assumption requires the condition that the height of the channel is much greater than the width (h ) w).
1 That assumption uses the geometrical relationships
and
where R h and R w are the radii of curvature of the meniscus for the two sides of the rectangular capillary. Applying Eq. (2) we can derive Stage 1 pressure
Using the equality of a w ¼ 90 À h c (as shown in Fig. 3a ) the equation can be presented as
Stage 2
In Stage 2, the pressure increase causes the fluid meniscus to become convex. The minor change in fluid volume due to the meniscus change from concave to convex allows us to determine the transition pressure for Stage 2:
In Stage 3 increasing the pressure further expands the fluid meniscus beyond the boundary at the channel opening while maintaining a convex meniscus (refer to the supplementary material for a detailed mathematical representation of the meniscus in the width dimension during this stage).
The total interfacial energy of the system, U T and the volume of the fluid, V for this stage can be expressed as
1 It should be noted that for the rectangular cross-section we termed the smaller side of the channel ''the width''.
Applying
To simplify and evaluate this expression, X CL is set to zero (see Fig. 2 ), and the meniscus curvature in the height direction is ignored [4] . This simplification leads to
For specific designs where h ) w Eq. (27) simplifies further to
Applying the condition of b ¼ a w ; Eq. (27) becomes
Further using the h ) w assumption leads to the final equation for burst pressure:
Experimental setup and materials
Experimental work was carried out on a custom-made CD spin test system. The system incorporates a laser rpm counter and high-speed camera attached to a computer for data recording. The microfluidic CDs are tested using a mixture of deionized water with red dye (at ratio of 1 part dye to 10 part water) in the experiments. For each experimental work, a total of 10 CDs were fabricated and tested for consistency. The microfluidic CDs are fabricated from layers of polymethyl methacrylate (PMMA) plastic and a custommanufactured pressure-sensitive adhesive (PSA) (by FLEXcon, USA). Each CD consists of three layers: two layers of PMMA bound with a layer of PSA (see Fig. 4) . A computer numerical control (CNC) machine (model Vision 2525, by Vision Engraving & Routing Systems, USA) is utilized to machine the microfluidic features in the PMMA layers, and a digitally controlled cutting plotter machine (model PUMA II, by GCC, Taiwan) is used to cut the microfluidic features in the PSA layer. The three layers are then aligned and bound together using a custom made press-roller system.
Results
In the following, we discuss parameters that are known to affect the magnitude of the burst pressure, such as the hydraulic diameter D h , the height h and the width w of the channel, and the channel opening wedge angle b. Parameters such as surface tension, c la , and fluid density, q, are based on standard values for water at room temperature: 71.97 mN/m and 1,000 kg/m 3 , respectively, while the contact angle h c for PMMA is measured with DataPhysics Instruments GmbH OCA Machine as 788. The distance from the top of liquid level in the reservoir to the centre of CD r 1 , and the distance from the liquid meniscus in the 
channel to the centre of CD r 2 (see Fig. 1 ) are 27.6 and 31 mm, respectively. The capillary pressure, Stage 1 pressure, Stage 2 pressure, and the burst pressure are evaluated using Eqs. (14), (21), (23) and (29), respectively. A compilation of the theoretical, experimental, and simulation results from the literature are also presented.
Channel hydraulic diameter
One of the most common CD design parameters is the hydraulic diameter, D h , which is calculated from the height, h, and width, w, of the channel using Eq. (13) . The chart of experimental and theoretical burst ''rpm'' calculated using Eqs. (7) and (14) versus hydraulic diameter is presented in Fig. 5 . For comparison purposes, some results from the literature are summarized as follows:
1. Zeng et al. [30] showed that for a rectangular channel, the burst pressure increases when the hydraulic diameter is reduced from 250 to 36 lm. This translates to a decrease in burst ''rpm'' with an increase in hydraulic diameter. 2. Glière et al. [11] presented experimental and simulation results that show an increase in burst pressure (and thus increase in the burst ''rpm'') as the hydraulic diameter is reduced. They also presented experimental results from Duffy et al. [10] that showed a similar trend. 3. Chew et al. [6] demonstrated that for circular channels of varying radii (from 140 to 1270 lm), the burst pressure (and consequently, burst ''rpm'') decreases non-linearly with an increase in radius.
Channel height and width
The aspect ratio (AR) of a channel is typically expressed as the ratio of the channel height to its width, h/w. The Stage 1, and Stage 2 theoretical burst ''rpm'' are evaluated using Eqs. (7), (21) and (23) (for channels' widths and heights in the range from 20 to 500 lm) and are summarized in Table 2 . The chart of experimental and theoretical burst ''rpm'' using Eqs. (7) and (21) versus AR (for a fixed width of 700 lm, and channels' heights ranging from 200 to 1,400 lm) is also presented in Fig. 6 . For comparison purposes, some results from the literature are summarized below:
1. In a study by Leu and Chang [19] , results indicate that the absolute pressure (the calculated pressure is negative) required to burst the liquid changes as the aspect ratio (AR) of h/w changes. For AR \ 1 (h is fixed at 30 lm, and w is varied from 30 to 300 lm), the absolute burst pressure (and thus burst ''rpm'') increases as AR increases. For AR [ 1 (h is varied from 30 to 300 lm, and w is fixed at 30 lm), absolute pressure decreases as AR increases. This translates to a decrease in the burst ''rpm'' as AR increases. The results show that the maximum burst ''rpm'' occurs when AR = 1 (h = w). 2. In a later study by Glière and Delattre [11] , simulation of a rectangular channel (h is fixed at 15 lm, and w is varied from 30 to 115 lm) showed that pressure decreases (and the burst ''rpm'' decreases) as AR decreases from 0.5 to 0.13. 3. In experimental and theoretical work by Cho et al. [8] , as the AR decreases from 10 to 1 (h is fixed at 150 lm, and w varies from 15 to 150 lm), the burst ''rpm'' decreases. 4. In a study by Chen et al. in 2007 [4] , experimental work was carried out on rectangular channels (300 lm in width and of various heights). It was shown that the burst ''rpm'' increases as the AR increases from 0.42 to 2.0. In a comparison between the channel widths of 300 and 400 lm the study also showed that for an identical AR, the narrower channel requires higher burst ''rpm''.
Channel opening wedge angle
Another important CD design parameter is the channel opening wedge angle b. Using Eq. (29), the burst ''rpm'' versus the opening wedge angle (with h c = 408) is plotted in Fig. 7 . For comparison purposes, some results from the literature are summarized as follows:
1. In a study by Leu and Chang [19] , experimental data and modelling results showed that absolute pressure increases non-linearly when b increases. This translates to an increase in burst ''rpm'' as b increases. 2. In two separate studies by Cho et al. in 2004 and 2007 [7, 8] , the experimental results and theoretical calculations showed that the burst pressure and the corresponding ''rpm'' increase with an increase in the wedge angle b. 3. In a study by Chen et al. [4] , the theoretical burst pressure for varying b values was presented. The study discussed that for b less than 50°, the fluid in the channel is moved forward by a positive capillary force.
But as the b increases to values higher than 50°, the positive pressure goes to zero and consequently becomes negative. This negative pressure opposes the fluid flow and increases in magnitude with higher b values. This translates to a burst ''rpm'' that decreases for b less than 50°and then increases for b greater than 50°.
Discussion
1D, 2D, and 3D models
The simple 1D equation represents the capillary flow condition where theoretical model works for both, hydrophilic and hydrophobic channels. For example, Eq. (14) will work for wetting angles both, greater or less than 90°( hydrophilic and hydrophobic channels, correspondingly), but for hydrophobic channels the sign of the pressure would be negative as cos h c will be negative. The 2D model was developed to represent Stage 3 with the inclusion of the wedge angle b parameter [24] . However, the 2D model imposes two restrictions. The first restriction is that the channel height, h, must be much greater than the channel width, w, which is not always the case. The second restriction is that X CL is assumed to be 0 (see Fig. 2 ).
The 3D model was developed as an attempt to further supplement the 2D model by considering meniscus curvature in both directions [4] . However, the present 3D model has limitations. While the 3D model applies the angle geometry of the fluid meniscus from Stage 3 (convex meniscus), the equation itself is derived based on the fluid condition in Stage 1 (with concave meniscus).
Neither the 2D nor the 3D models represent the Stage 3 accurately, where the pressure reaches its peak just prior to bursting. mistake in various parts of their Eq. 20 is due to applying the wrong meniscus orientation.
For specific cases where h ) w, our Stage 3 equation (Eq. 28) matches the 2D model presented by Man et al. [24] . However, this model does not truly represent the conditions in the Stage 3 due to a few discrepancies. The first is the X CL = 0 condition that describes a meniscus that fits Stage 2, and not Stage 3 conditions. The second is the assumption that disregards the meniscus height.
Our burst pressure equation (Stage 3) (Eq. 29) differs from the 3D model of Chen et al.'s Eq. 19 [4] . The reason for the difference is due to the incorrect derivation of the 3D model by substituting the Stage 3 angle equality a w ¼ 90 À h c À b ð Þ (Fig. 3c) This effectively forces the fluid back to the Stage 2 conditions. 4. The mathematical representation of the meniscus geometry in the Stage 3 results in b = a w . This contradicts with the angle geometry imposed by assumption 2 listed above. 5. h ) w assumption applies only to a limited number of cases.
Effects of D h , AR (h/w), and b
As shown in Fig. 5 , the burst ''rpm'' decreases non-linearly when the hydraulic diameter of the channel, D h increases. This result is in agreement with the results from the literature by Zeng et al. [30] , Glière et al. [11] , and Chew et al. [6] . The results in Table 2 indicate that using the Stage 1 equation (Eq. 21), the burst ''rpm'' decreases with increasing AR when height, h, is varied (case I and IV), and the burst ''rpm'' increases with increasing AR when width, w, is varied (case II and III). When compared with the results from the literature, Leu and Chang's [19] results match those of case III for AR \ 1, and case IV for AR [ 1; Glière and Delattre's [11] [19] results for AR [ 1 is due to the former applying a fixed width and the later applying a fixed height, respectively. These findings depict the inconsistencies about the effect of channel dimensions on the burst pressure in the microfluidic domain.
As shown in Fig. 6 , for a fixed width of 700 lm, and channels' heights ranging from 200 to 1,400 lm, the experimental burst ''rpm'' decreases with an increase in AR. This agrees with the theoretical result shown in Table 2 (for case I and IV using Eq. 21).
The results in Table 2 further shows that using the Stage 2 equation Eq. (23) for a fixed width, the burst ''rpm'' decreases for AR \ 1 (case I) and increases for AR [ 1 (case IV) with respect to an increasing AR. For a fixed height, the burst ''rpm'' increases for AR [ 1 (case II), and decreases for AR \ 1 (case III) with respect to an increasing AR. As shown in Fig. 7 , with an increase in the wedge angle b of the channel opening, the burst ''rpm'' decreases when b is less 50°, and increases when b is greater than 50°. The result in Fig. 7 is not comparable to the results from Leu and Chang [19] and Cho et al. [7, 8] , but is in agreement with Chen et al.'s [4] where increasing wedge angles results in negative pressure values representing the pressure that opposes the fluid flow. It is noted that the direct comparison of results with the literature is difficult due to the variety in conclusions with regard to the effects of b with respect to the rotational speed [4, 8] , pressure sign (positive [7] , or negative [19] ), and a combination of both positive and negative pressures [4] .
The findings above indicate that the literature contains varying results for the effects of the aspect ratio (h/w) and the wedge angle b for comparison. It is also observed that there is a need to determine a standard method for presenting and interpreting the effect of the wedge angle b on the burst pressure.
Summary
The theoretical development of the burst frequency equations for capillary valves on the microfluidic CD has been presented. We have defined and presented the capillary fluid flow and the pre-burst equations by analyzing the menisci dynamics in four different stages (with respect to h C , b, a w , and a h ). Inconsistencies, limitations and errors in the various models from the literature are also highlighted. The derived equations have also been validated through comparison with experimental and theoretical results from the literature.
While present study concentrates on the theoretical analysis of the burst pressure for hydrophilic passive valves, our future work will address challenges of theoretical predictions of the burst pressure for passive valves.
